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State-space models

General form:

v = Mo + di + uy, Measurement equation
oy = Tioe—1+ ¢t + Ryvy, Transition equation

with y, € RN, a, € R™ (the state-vector), (u;) and (v;) are two

sequences of independent variables, respectively valued in RV and
RK such that

E[Ut] = ON, ]E[Vt] = OK, Var(ut) = Ht, Var(vt) = Qt.

M;, T: and R; are non-random N x n, mx mand mx K
matrices, d; € RN, ¢, € R™ are non-random vectors.
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Objectives of the Kalmnan filter

The Kalman filter (Kalman, 1960) is an algorithm used for

(i) predicting the value of the state vector at time t, given
observations yq, -, yi—1.

(i) filtering, that is, estimating a; given observations y1,--- , .

(iii) smoothing, that is, estimating a; given observations
Y1, ,yT, with T > t.
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Assumptions

To implement this algorithm, we need further assumptions:
normality and independence:

@ (ut, v¢) is an independent Gaussian sequence such that

B 0\ (H: 0
For =N (o) (5 0,))

@ The initial distribution of the state vector is Gaussian and is
independent from (u;) and (v;):

Po, = Nrk(ao, Po), o L (ue), (ve).

@ The matrix H; is positive definite (for any t).
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General form of the filter Prediction and updating formulas

Prediction at any horizon and smoothing

@ General form of the filter
@ Prediction and updating formulas
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Notations: conditional moments w.r.t. bservations

For t > 1, then

at‘t = E[af’ylv'” 7Yt]>
Pt‘t = Var(at‘ylf T 7.yt)'

For t > 1, then

at‘t—l = E[af’ylv'” 7yf—1]7
Pt‘tfl = Var(at‘yb e 7.yt—1)'

Let
ayj0 = Elaa], Pyjo = Var(az).

The objective consists of computing these sequences recursively.
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

First step

Taking the conditional expectation w.r.t. yi,---,y:—1 in the
transition equation gives

Qt|t—1 = Ttat—1|t—1 + G,
and by taking the conditional variance
Pt\t—l = TtPt—l\t—l Tt/ + RtQtRé-

Both equations are called prediction equations. Hence the
conditional moments of y; are

e Elyelys, -+ 5 ye-1] = Mto‘t\t—l + dt,
Ft|t—1 = Var(yelyr, - ye-1) = Mt'Dt|t—1M£ + H:.

We also have
COV(@t,Ytb/la te 7yt71) - Ptlt_]_M{,
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Conditional distributions of the components of a Gaussian
vector

Let
P(X,Y)' —NRdXxdy <<MY> ’ <ZYX ZYY>> ’

Then the distribution of X conditional on Y =y is

P;:y = Npax (tx + ZxyZyv (¥ — #v), Txx — Zxy Zyy Zyx).
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Conditional law of (y;, ;)

We have

(yhatv}/tfly T 7y1) = F(0507 Uy = 5 U1, Ve, oty V1)7
where F(.) is a linear mapping.
Consequently, the vector (y, ¢, ye—1,- -+ ,y1) is gaussian.

The law of (yt, at) conditional on yy,- -, y:_1 is also gaussian.
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Second step: updating the prediction formulas

New observation at time t: y;.

a; is gaussian conditionally on yy,--- ,y:—1 and y;:
Qe = Qfp—1 T Pt|t—1M t|t 1( Mtat\t 1 — dy),
Pt\t = 'Dt|t—1 - Pt|t—1M Ft|t 1MtPt|t—1'

These equations are called updating equations.

Remark: The normality assumption is only used in the second step.
Initialization: At time 1, the conditional moments coincide with
the unconditional ones, ie

g0 = Trao + c1, Pijo = TiPo Ty + RiQ1R;.
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Recursive computations

The sequences (av|y, ), (Pye—1), (v¢)¢) and (Py¢) are computed
recursively for t =1,--- |
Initial values:

Q1j0 = Tiag + c1, P1|0 =T1Py T{ + RlQlRi.

Prediction equations:

Q-1 — Ttat—l\t—l + G,
Pt\t—l = TtPt—l\t—l T{ + RtQtRéa
Ft\t—l = MtPt|t—1Mt/_* + H.

Updating equations: using also y;, ie

Qejp = Qfp—1 T Pt|t—1M t|t 1( Mtat\t 1 — dt),
Pt\t = ’Dt|t—1 - Pt|t—1M MtPt|t—1'

t|t—1
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Direct computation of (a¢—1) and (Py;_1)

{ Qpje—1 = Ttat—1|t—2 + ¢t + Ke(ye — Me—1 — Qt_1)t—2 — di—1),
Pt|t—1 = Tt'Dt—1|t—2 Tt/ - Kth—1|t—2K£ + RtQtRév
where

Ft—1|t—2 = Mt—l'Dt—1|t—21IVI£_1 + Hi-1,
Kt — TtPtfl‘t72M{'7]_Ft:1‘t,2'

K: is the gain matrix.
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Correlated noise sequences

We can relax the assumption regarding the noncorrelation between

the noises:
0 H, G!
IP)(Utht)’ = Ninsx <<0) ’ (GZ QZ)) '

Prediction equations:

age—1 = Teae_1je-1+ ¢, Pre—1 = TePeoqpe—1 T + ReQeRy,
Ff|t—1 — MtPt‘t—lMé + Ht + MthGt + GgR{LMt/L

Updating equations:

Qit = Q- 1+ (P t]t— 1M+ R:G)F,, t|t 1( Mtat\t 1 — dt),
Pie = Pye—1— (Pye—1Mi + ReGe)F (M:Pye_1 + GLR}).

t|t 1

12/34



General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Can the normality assumption be relaxed?

For random vectors X € L2(R™) and Y € R", the conditional
expectation E[X]|Y] is characterized by

IX = E[X|Y][3 = min||X = o(Y)][3,
ped

where @ is the set of measurable functions ¢ : R” — R such that
p(Y) € L2(R").

The linear conditional expectation EL[X|Y] is characterized by the
same program but with ¢ linear, ie

IX = ELX| V1|3 = minl|X — AY — b]3.
For gaussian vectors, the two conditional expectations coincide.
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Can the normality assumption be relaxed?

The linear conditional expectation only depends on the L2
structure of (X, Y).
It follows that

EL[X|Y] = px + ZxxTyy (Y = py).

Without the gaussian assumption, the Kalman filter provides the
linear prediction

ELlyelyr, - s ye-1] = Mtat\t—l + dt,
and the variance of the prediction error

Var()/t - EL[}/tD/l’ T a)/t—l]) = Ft|t—1 = MtPt\t—lM{‘ + H.
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General form of the filter

@ General form of the filter

@ Prediction at any horizon and smoothing
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Prediction

The Kalman filter can be used to predict at any horizon.
To Slmp|lfy, let Vt, Ct = dt = 0, Tt =T and Mt = M:

ye = Mo+ u,
oy = TO[t_]_ + RtVt.
For any h > 0, then
h
Qpih = TMla, g + ZTh_'RtHVt-s—i,
i=0

then

— _ Th+1
Qppplt—1 = Elaeynly, - yea] =T Qp_1|t—1-
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Prediction

The variance of the prediction error at horizon h+ 1 is

Pephe—1 = Var(aeph — aeppje—1)

h , .
= TP e (TP + Y TRy i Qi TN Ry i)
i=0

1=

Moreover, yiiph = Magyp + uryp, and consequently

Yernlt—1 = Elyernlyr, - ve1] = Magppe1 = MT gy

The prediction error is
Yt+h = Yeyht—1 = M(Qt4h — Qeypje—1) + U, and its variance is

Var(yein — Yt+h\t—1) = MPt+h|t—1M/ + Hith
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Smoothing

The updating formula provides the filtered value |, of a.

For certain applications, it is important to smooth «; using the
posterior observations.

Let

at|T :E[at|yla"' 7yT]a ’Dt|T :Var(at’ylv"' ayT)‘
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Steps for computing a7

(i) Elae, es1lys, -+, ye] (Already known).
| Using the normality.

(”) E[at|y17 Yt at+1]
| Using a Lemma.

(”I) E[atb/lv Y Y+l YT at+1]
| By deconditioning.

(iv) Elyelys,---,y7l-
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Algorithm

The algorithm is initialized at a77 and is used in a descending
recurrence:

QT = Q| + Ft(at—i-l\T - at+1\t)7 t<T,

and
Py = Pyt + 'Et(Pt+1\T - Pt+1|t)/_:t,a t<T,

with

Ft Pt\t +1P t<T.

t+1]t
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Sketch of the proof (1)

Normality assumption

Pott Y Y is Gaussian with
/ -1
Elot|oes1, y1,- - 5 ye) = Qg T Pt|t t+1Pt+1‘t(O‘t+1 - at+1|t)7
since

Cov(at, aey1lyr, -+ ye) = Cov(ae, Terraelyr, - ye) = ’Dt|t Tt/+1~
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Sketch of the proof (2)

Elae|aeyt, yi, -+ yr] = Elatasis, yi, -+ yi]-

Y41 = f1(01t+1, Ut+1);
Ye+j = G(Oét+1, Uptj, Vitjs s Vt+2)7./ > 2,

with each f;(.) linear functions. We have
Qp = E[Oétb/]_, o ,}/t,()étJrl] + e, et 1 (y17 to a}/t7af+1)'
Besides

er = glae,y1, -y aer1) = e L {(Ueg))iz1, (Vey))j>2}
= e Lyjforj>1

= Elelyr, -+ ,yr,e41] = 0.
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Sketch of the proof (3)

Consequently, we obtain

E[at|at+17}/17 L Ye Y1, 7}’T] = at|t + ,_:t(at-i-l - at+1|t)'

By deconditioning with respect to a:41, we get

QT = Q) + Ft(at+1\T - at+1\t), t<T.
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General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Sketch of the proof (4): variance of the smoothing error

Qp — QT = O — Q| — Ft(at+1|T - Oéti-l\t)
= ¢ — ay1 + Fronpqm = ar — aqe + Feagae _ _
= Var(a; — ayjn) + FiVar(aq)n) F{ = Var(a: — aye) + FVar(aggq)e) FL.

We have Cov(aty1, apyq7) = Var(aeiq7). Consequently
Var(apyqr — aep1) = Var(opyqr) + Var(aes)
— Cov(apy 7, 1) — Cov(aet1, apyyT)
= Var(ats1) — Var(ae 7).

And Var(ayq)e — ar1) = Var(ar1) — Var(agy)e). Hence

Var(appy r—ar1)—Var(aeyqp—arr1) = Var(agqe)—Var(ae 7).

24/34



General form of the filter Prediction and updating formulas
Prediction at any horizon and smoothing

Sketch of the proof (5): variance of the smoothing error

Var(appy r—ar1)—Var(aeyqp—arr1) = Var(agqe)—Var(ae g 7).

Now
Pep1p = Var(aepr — apyape) = Var(aegr) — Var(agyqpe),
Pyt = Var(ar — ay7) = Var(a;) — Var(ay 1),
Pt|t — VaI’(Oét - Oét‘t) — Val’(Oét) - Var(at|t).
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Statistical inference L esimeiiem

@ Statistical inference
@ ML estimation
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Statistical inference L esimeiiem

Parametric model

Suppose the model is parameterized by # € © C R?. Then

Yt = M(Q)Oét + d(e) + Ug,
ay = T(Q)O[t_]_ + C(9) + R(G)Vt,
where (o)
ug\ 0 H(o 0
(i) =) ("6 o)
We observe y1, -, y1 and for some given functions

M.,d, T,c,H, @, the problem consists in estimating 6.
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Statistical inference L esimeiiem

Likelihood function

Inital values: €1(0) and F1(#), the Gaussian likelihood corresponds

to
£7—(9) = ‘CT(yla"'ayT;e)
M (—a@)F,_ (o)}
= —————exp{—=¢€ € ,
SR RO 2 e
with

et(0) = ¥ —Eolyelyr, - ye—1] = ye — yeje-1(0),
Ft|t71(6) = Vara(yt‘ylf" :}/t—l)-
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Statistical inference L esimeiiem

M-estimator

A M-estimator (MLE) of 0 satisfies the optimization problem

0r = arg max L7(0)
. 0c©
< 0r = arg min {—log(L7(0))}

0cO

T
= arg min 7Zl(yt,~~- ,y1;0),
0cO t=1

such that

Iy, y1:0) = p(0) Fy 4 (0)ex(6) + log(| Fyye—1(9)]).
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Statistical inference L esimeiiem

Kalman filtering

The Kalman filter enables to compute €;(¢) and Fy;_1(0) for any
6.

Numerical procedure to solve the problem: Newton-Raphson
(several approximations of the Hessian), stochastic algorithm.

The theoretical properties of the estimator require additional
assumptions regarding the model.
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Statistical inference L esimeiiem

Application: MA(1)

Let
Yt = p+ € + ber1,

with (e¢) a white noise with variance 0. The state-space
representation is

ye = p+ Moy,
ar = Tae1+(e,0),
. , 0 0 .
with M = (1,b), ar = (e¢,€t-1) and T = 1 o) Regarding the

general state space model:

/ / 0’2 0
dt:,Ufaut:Oact:(070)7vt:(6t50)7Ht:0)Qt: 0 0 .
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Statistical inference L esimeiiem

Application: MA(1)

Ee1lye] = p+berqpea
Var,_1(y:) = o024 b%pi_1, pro1 = Var(es_1je—1)-
yioye—1 B ber 1)1 o® + b’pr1 o7
P(yltﬁt)/ L= NR2(< 0 | > ’ < o? o2 )
We then obtain
- o (ye — b ) t>1
Ctjt = 0'2—|- b2pt71 Yt €t—1t-1 — H#)t = 4,

4
g
2 t>1,

Pt = 0" = 0_2+ bzpt_17 sl

with initial values egp = 0 and py = 0.
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Statistical inference L esimeiiem

Asymptotic behavior of (p;) and e,

When |b| < 1, then
tllfgo Pr = tIL”QO E[(e: — Et|f)2] =0.

This implies
et - et‘t — O.

This implies that we can approximate ¢; for t large enough.
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Statistical inference L esimeiiem

Estimation of the MA(1)

Let = (u, b, 2)’. The M-estimator minimizes

— K= bet—Ht—l
02 + b%p;1

1< v,
~log(LT(6)) = =~ +log |o® + b?pe_1.
t=1

where pr_1 and €;_y;_; are computed using the Kalman filter.
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